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Kirby-Melvin’s τ
′
r and Ohtsuki’s τ for Lens Spaces
Bang-He Li & Tian-Jun Li∗
Abstract
Explicit formulae for τ
′
r(L(p, q)) and τ(L(p, q)) are obtained for all L(p, q).
There are three systems of invariants of Witten-type for closed oriented 3-
manifolds:
1. {τr(M), r ≥ 2; τ ′r(M), r odd ≥ 3}, where τr was defined by Reshetikhin and
Turaev [1], and τ
′
r was defined by Kirby-Melvin [2]
2. {Θr(M,A), r ≥ 1,whereA is a 2r-th primitive root of unity} defined by Blanchet,
Habegger, Masbamm and Vogel [3]
3. {ξr(M,A), r 6= 1, 4, 4k + 2, whereA is an r-th primitive root of unity} de-
fined by the first author [4].
And it was proved in [4] that they are equivalent. Explicit formulae for {τr(M), r ≥
2} and {ξr(M, er), r odd ≥ 3} have been obtained for lens spaces in [5], where
ea = exp(2π
√−1/a).
Ohtsuki [6] defined his invariant
τ(M) =
∞∑
n=0
λn(t− 1)n ∈ Q[[t− 1]]
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for rational homology 3-sphere M , and obtained that
τ(L(p, q)) = t−3s(q,p)
t
1
2p − t− 12p
t
1
2 − t− 12
for lens spaces L(p, q) with p odd, where s(q, p) is the Dedekind sum.
To obtain τ(L(p, q)) with p odd, Ohtsuki used the formula for τ
′
r(L(p, q)) with
r an odd prime, p odd and not divisible by r, found by Kirby-Melvin [7], and
Garoufalidis [8].
To obtain τ(L(p, q)) with p even, explicit formulae for τ
′
r in this case are needed.
The aim of this note is to first derive explicit formulas of τ
′
r for all L(p, q) and
all r, and then give formulas of τ(L(p, q)).
Notice that in [6], the orientation of L(p, q) comes from the continued fraction
expantion of p/q, while in [5], the orientation comes from that of −p/q. So to
calculate τ
′
r(L(p, q)) with orientation as in [6], we should start from the conjugate
of the formula in Theorem 4.1 in [5], that is ξr(L(p, q)) = ξr(L(p, q), er).
Let a, b and r be integers, denote by (b, r) the greatest common divisor of b and
r. If (b, r) = 1, denote (a/b)
√
= ab′ ∈ Z/rZ, where b′b ≡ 1 (mod r). Notice that
if a/b = a1/b1 and (b1, r) = 1, then ab
′ = a1b
′
1 in Z/rZ.
Theorem. Let r > 1 be odd and C = (p, r), then
τ
′
r(L(p, q)) =


(
p
r
)e−(3s(q,p))
√
r
e2p
′
r − e−2p
′
r
e2
′
r − e−2
′
r
, if c = 1
(−1) r−12 c−12 (p/c
r/c
)(
q(1∓ r)/4
c
)(e−12s(q,p)r
e−(r/c)
′
(q+q∗−ηp∗p)
pc e
2η(p/c)
′
rc )
1∓r
4
ǫ(c)
√
cη
e−2
′
r − e2
′
r
, if c > 1 , c | q∗ + η
and r ≡ ±1 (mod 4)
0, if c > 1 and c |/q∗ ± 1
where η = 1 or −1, p∗p+ q∗q = 1 with 0 < q∗ < p, 2′2 ≡ 2p(2p)′ ≡ 1 (mod r), (a
b
)
is the Jacobi symbol, (p/c)
′
p/c+ (r/c)′r/c = 1, and
ǫ(c) =
{
1 if c ≡ 1 (mod 4)
i if c ≡ −1 (mod 4)
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Proof. By the formulas in [4] (see also [5]), we have
τ
′
r(M) = (
√
4
r
sin
π
r
)
ν
Θr(M,±ie4r)
for r ≡ ±1 (mod 4) and
ξr(M,A) = 2
νΘr(M,−A)
for 3 ≤ r ≡ 1 (mod 2), where ν is the first Betti number. Since for lens spaces,
ν = 0, we have, for r ≡ ±1 (mod 4),
τ
′
r(L(p, q)) = Θr(L(p, q),±ie4r)
= ξr(L(p, q),∓ie4r)
= ξr(L(p, q), e
1∓r
4
r ),
Case 1. c = 1. By Theorem 4.1 in [5]
ξr(L(p, q), er) = (
p
r
)e−12s(q,p)r e
r′(q+q∗)
p
e2p
′
r − e−2p′r
e2r − e−2r
.
Since e−12s(q,p)r e
r′(q+q∗)
p = e
a
r for some a ∈ Z (by checking the proof of Theorem
4.1 in [5]), it follows that
τ
′
r(L(p, q)) = (
p
r
)e
−12s(q,p) 1∓r
4
r e
r′(q+q∗) 1∓r
4
p
e
1∓r
4
2p′
r − e−
1∓r
4
2p′
r
e
1∓r
4
2
r − e−
1∓r
4
2
r
for r ≡ ±1 (mod 4). The simple relations 1∓r
2
= 2′ and 2′p′ = (2p)′ in Z/rZ imply
that
e
1∓r
4
2p′
r − e−
1∓r
4
2p′
r
e
1∓r
4
2
r − e−
1∓r
4
2
r
=
e2p
′
r − e−2p′r
e2′r − e−2′r
.
It is well known that (cf. [8] or [5])
−12s(q, p) = b− q + q
∗
p
for some b ∈ Z.
Hence 3s(q, p) has a form of m/4p for some m ∈ Z. Now (4p, r) = 1, so there
are integers P and R such that 4pP + rR = 1. Thus
e
−12s(q,p) 1∓r
4
r e
r′(q+q∗) 1∓r
4
p = e
−m
4p
(4pP+rR)(1∓r)
r e
r′(q+q∗) 1∓r
4
p
= e−mPr e
− 1∓r
4
(12s(q,p)rR−rr′ q+q
∗
p
)
r .
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Now
12s(q, p)rR− rr′q + q
∗
p
= (−b+ q + q
∗
p
)rR− rr′ q + q
∗
p
= −brR + r(R− r′)q + q
∗
p
.
Since r′ ≡ R ≡ 1 (mod p), p|R− r′. It is concluded that
12s(q, p)rR− rr′ q + q
∗
p
≡ 0 (mod r).
Because mp = (3s(q, p))
√
, the proof is complete for case 1.
Case 2. c > 1 and c|q∗ + η for η = 1 or −1. Then
ξr(L(p, q), er) = (−1) r−12 c−12 (p/c
r/c
)(
q
c
)e12s(q,p)r e
−(r/c)′ (q+q∗−ηp∗p)
pc e
2η(p/c)
′
rc
ǫ(c)
√
cη
e−2r − e2r
.
Since c is odd and (1
c
) = 1, it follows from Theorem 2.2 in [5] that
ǫ(c)
√
c =
c∑
j=1
ej
2
c =
c∑
j=1
e
r
c
j2
r .
Hence, by the well-known formula for Gaussian sum (cf. [10] or [5]), if r ≡ ±1
(mod 4),
c∑
j=1
e
1∓r
4
r
c
j2
r =
c∑
j=1
e
1∓r
4
j2
c = ǫ(c)(
(1∓ r)/4
c
)
√
c.
By the proof of Theorem 4.1 in [5],
e12s(q,p)r e
−(r/c)′ (q+q∗−ηp∗p)
pc e
2η(p/c)
′
rc = e
k
r
for some k ∈ Z. Again from
e
1∓r
4
2
r = e
1∓r
2
r = e2
′
r ,
it is concluded that if r ≡ ±1 (mod 4)
τ
′
r(L(p, q)) = ξr(L(p, q), e
1∓r
4
r ) = (−1) r−12 c−12 (p/c
r/c
)(
q(1∓ r)/4
c
)e
1∓r
4
k
r
ǫ(c)
√
cη
e−2′r − e2′r
.
Case 3. c > 1 and c |/q∗ ± 1. Since ξr(L(p, q), er) = 0, τ ′r(L(p, q)) = 0. The
theorem is proved.
Corollary. For any lens spaces L(p, q), Ohtsuki’s invariant
τ(L(p, q)) = t−3s(q,p)
t
1
2p − t− 12p
t
1
2 − t− 12 .
4
Proof. Prop.5.2 in [6] for p odd is now also true for p even by the above theorem.
Hence for even p, τ(L(p, q)) has the same form as for odd p.
Remark 1. Lemma 5.4 in [6] concerning odd p is also true for even p. Therefore,
Remark 5.3 in [6] for odd p is true all p.
Remark 2. In [6], Ohtsuki regarded τ
′
r as SO(3) invariants, while in [11], SO(3)
invariants were referred to those drived from the Kauffman module Z[A,A−1][z2].
The latter includes the former and something more.
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